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Optimisation of multiple time-step hybrid Monte Carlo Wang—Landau simulations in the
isobaric—isothermal ensemble for the determination of phase equilibria

C. Desgranges, E.A. Kastl, T. Aleksandrov and J. Delhommelle*
Department of Chemistry, University of North Dakota, 151 Cornell Street Stop 9024, Grand Forks, ND 58202, USA

(Received 8 January 2010; final version received 9 March 2010)

We discuss the optimisation as well as the convergence of a recently developed molecular simulation method using a
Wang—Landau sampling scheme, combined with multiple time-step hybrid Monte Carlo (MC) simulations in the
isothermal —isobaric ensemble, to determine vapour—liquid equilibria. This method has the advantage of being simple to
use, as only a single simulation run at a given temperature directly gives the coexistence properties, and of being transferable
to any kind of fluid, since the method is readily applicable to any molecular architecture. We apply this method to two
branched alkanes, isopentane and isobutane, and discuss how we optimise the various simulation parameters. The vapour—
liquid coexistence curve as well as the critical point obtained in this work are in excellent agreement with those found
experimentally and in previous work using a combination of the Gibbs ensemble MC method with the configurational bias

technique.
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1. Introduction

The determination of vapour—liquid equilibria is of key
importance for many applications, particularly in the field
of petrochemistry. There has been a lot of interest in
designing a simple and robust molecular simulation
method applicable to all fluids, ranging from simple to
complex molecules. In the last two decades, the Gibbs
ensemble Monte Carlo (GEMC) [1] method has become
a popular method to determine the liquid—vapour
coexistence curve as well as the critical properties of a
wide variety of fluids, including those of simple model
fluids such as the Lennard-Jones fluid [1], of metals such
as aluminium [2], of small molecules such as carbon
dioxide [3] or hydrogen sulphide [4-7] and of chain
molecules such as alkanes [8—14], ethers and ketones [15]
or sulphides [16]. The GEMC method uses two simulation
boxes simulating the vapour and liquid phases, respect-
ively. The different moves allowed during a GEMC
simulation are the translation of atoms/molecules, volume
changes of the simulation boxes and transfer of
atoms/molecules from one phase to the other. These
moves allow the system to reach the equilibrium (same
pressure, chemical potential and temperature for the two
phases) at a given temperature. The limitation of this
method stems from the fact that the probability of
acceptance for transfer moves becomes very low for liquid
densities. Several techniques have been implemented to
overcome this difficulty. Using the cavity bias [17] and the
configurational bias [18], simulations of the vapour—liquid

equilibria were achieved for n-alkanes [14], linear and
branched alkanes [8—14], and squalane [19—-22]. However,
these techniques rely on the implementation of a specific
bias, function of the molecular architecture of the system
studied, which may not be valid and efficient for other
types of molecular fluids. For instance, the configurational
bias move, introduced for linear alkanes, was shown to be
invalid for branched alkanes and a modified version of this
move had to be implemented for branched alkanes [23].
However, despite its drawbacks, the configurational bias
method has remained a key ingredient of the recently
developed flat histogram methods for the phase equilibria
of alkanes, such as the grand-canonical transition matrix
MC methods [24,25].

In this paper, we use a recently developed approach
based on a Wang—Landau sampling [26—31], combined
with hybrid MC (WL-HMC) simulations in the
isothermal—isobaric ensemble, to determine vapour—
liquid equilibria. The aim of the WL-HMC approach is
to provide a simple and general method to calculate the
phase equilibria for complex molecules. Similarly to the
GEMC approach, no prior knowledge of the thermo-
dynamics of the system is needed. In particular, no guess
value for the pressure or chemical potential of coexistence
is required. In addition, a single simulation is required to
obtain the coexistence properties at a given temperature.
However, unlike in the GEMC method, we use a single
simulation box, whose volume varies throughout the
simulation to allow for a uniform sampling of all (liquid
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and vapour) densities, to calculate the coexistence
properties of the molecule studied. This circumvents the
issue occurring in GEMC of transferring molecules from
one phase to the other (or the issue of inserting molecules
in grand-canonical transition matrix methods), and there-
fore removes the need for any cavity bias or configura-
tional bias technique. In the recent paper, we applied this
approach to different systems, including the Lennard-
Jones fluid [32] (see also Ref. [33]), benzene [32], copper
[34] and, more recently, polyaromatic hydrocarbons [35]
and demonstrated the reliability and accuracy of this
method. The aim of this work is to discuss several
technical aspects of this approach, including the
implementation and optimisation of a multiple time-step
HMC simulations to integrate fast and slow motions in
molecular fluids as well as the criteria for convergence of
the WL-HMC method.

This paper is organised as follows. In the first part, we
detail how one can implement the WL-HMC method in the
NPT ensemble. We define the acceptance rules for the
molecular dynamics and volume changes moves, which
are the only two moves considered in this method. We then
show how we extract the canonical partition function of
the system by analysing the WL-HMC simulation results
and obtain the coexistence properties. In the second part,
we apply this method to determine the vapour-liquid
equilibria of isobutane and isopentane. In particular, we
discuss the optimisation of the simulation parameters as
well as the convergence of the WL-HMC simulations. We
then compare our results to those found experimentally
and in previous simulations and draw our main
conclusions in the last section.

2. Implementation of the method

In this section, we present the different steps used to
implement a WL sampling associated with a HMC in the
isothermal—isobaric ensemble. We use two different
moves: long molecular dynamics (MD) trajectories
(which allow the system to relax between two different
moves) and volume changes (which allow us to sample all
the volume’s interval). We define the acceptance rules for
these moves below. At the end, when the simulation has
converged, we show how we obtain a smooth and
accurate estimate of the canonical partition function
O(N,V,T). Then, we use this estimate of Q(N,V,T) to
calculate the densities for the two coexisting phases.
Finally, we obtain an estimate for the critical point by
applying a density scaling law and the law of rectilinear
diameters.

2.1 MD moves

We implement a HMC method [32] instead of combining
the WL sampling with a conventional MC [33]. We replace
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the random translation and rotation moves used in
conventional MC by a long MD trajectory. It permits the
system to relax along a long MD trajectory (see our
previous paper using HMC simulations for more detail
[36—40]). The probability of accepting a MD trajectory
from an old configuration o to a new configuration n is
given by:

acc(o — n) = min [1,exp<— (E(m) — E(0)) E(O))ﬂ , (D)
ksT

where E is the total energy, i.e. the sum of the potential and

kinetic energy for the system.

In HMC simulations, the integrator must satisfy the
time-reversible and area-preserving properties [41,42].
We choose to implement the multiple time-step
RESPA-NVE algorithm [43] to integrate the equations
of motion since this algorithm is time-reversible and
area-preserving.

2.2 Volume changes moves

The second type of move consists in random volume
changes for the whole system. As the order parameter for
the vapour—liquid transition is density, we choose to
perform a uniform sampling of the volume V for a fixed
number of molecules in the isothermal —isobaric ensemble.
In order to achieve a uniform sampling of V [33], we
introduce a bias distribution, py;,(I',V), function of a given
configuration I' and of the volume V as

VNexp [—(UT)/kgT)]
NIANQN, V,T)

Poias(l', V) = ; @

where N is the number of molecules, A is the De Broglie
wavelength and Q(N,V,T) is the canonical partition
function.

We then obtain the probability of accepting a volume
change move from an old configuration o with (I',,V,) to a
new configuration n with (I',,,V,,):

O(N, V,,T) VY exp(—(U(I',)/ksT))
’ Q(N’ VI’H T) Vlnv exp (_(U(Fl))/kBT)) ’
3)

acc(o—n) = min|1

We note that the pressure does not appear in Equation (3)
and that the biasing function needed to perform a uniform
sampling of V is the canonical partition function at N, V
and T fixed.

2.3 Determination of the canonical partition function

The aim of this method is to obtain an accurate estimate
for the canonical partition function. The first step is to
determine the upper and lower bounds for the volume
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that we have to visit in order to find the coexistence
properties of our system at a given temperature. These
values can be found either in the literature or can be
evaluated by shortened WL-HMC simulations (using a
larger convergence factor, see below). We then divide
this subset of volume into different uniform intervals of
InV instead of V for more convenience during the
sampling (this changes Equation (3) only slightly as the
factors of V" are replaced by V"*'). During our
simulations, we consider two histograms. The first one
collects the estimate for Q(N,V,T) and the second one,
H(V), monitors the number of times a given interval of
Vis visited. At the beginning of the simulation, we give
the same initial value to Q(N, V, T) for all values of In V.
We also introduce a convergence factor f which will
allow us to control that we have a flat histogram. We
start with an initial value of Inf = 1. Whenever a given
interval for InV is visited, the value for the partition
function is updated. Q(N, V, T) is multiplied by f. Every
time a given volume interval is visited, the value for
H(V) is also updated. When the histogram H(V) is
reasonably flat (in practice, it is accomplished when all
intervals for the volume have been visited at least 500
times), the WL-HMC simulation has converged. We
therefore reduce the value of convergence factor to JFs
initialise all entries for the histogram H(V) and start
over a WL-HMC run with this new value for the
convergence factor f. This procedure is repeated until
Inf =103,

2.4 Analysis of the simulation

Once the WL-HMC simulation has converged, we analyse
our results. The first step consists in evaluating the volume
distribution p(V):

O(N,V,T)exp(—PV /kgT)
OWN,P,T)

p(V) = ; “

where

{o)

Q(N,P,T)ZJ ON,V,T)exp(=PV/kgT)dV, (5)
0

O(N,P,T) is the isothermal—isobaric partition function.
This allows to locate the bin number N, as well as the
volume V, corresponding to the minimum of the volume
distribution and therefore to the boundary between the
peak associated with the liquid and that associated with the
vapour. We then calculate the probability 1I;;, associated
with the liquid phase according to

Vb
My, = J p(V)dv ©)
0

and the probability II,,, associated with the vapour
phase by

00

Hyap = JV p(V)dv. (N

The saturation pressure (Pcoex) is defined as I = Ily,p.
Once the saturation pressure P iS known, the densities
for the two coexisting phases, i.e. for the vapour (py.,,) and
for the liquid (py;q), may be calculated:

o "N /VIVNON, V, T) exp (—(Pooex V [k T)) AV
§"ON, V, T) exp (—(PeoexV [k T)) AV
[ N/V)VNON, V. T) exp (= (PeoexV /knT)) AV
SO, V. T)exp(—(PeoexV/ksT))dV

liq

Pvap

®)

Finally, the critical point is estimated by fitting the
WL-HMC results with a density scaling law to obtain the
critical temperature 7, defined by:

p— py=B(T. — TP, ©

where p; and p, are the densities of the liquid and
vapour phases, respectively, 8 = 0.3265 is the 3D Ising
order-parameter exponent and B is a fitting parameter.
We then use this value of 7, to obtain the critical
density p. via the law of rectilinear diameters [44,45]
given by:

pr+py
2

= pc T AT —To), (10)

where A is a fitting parameter.

3. Application to two branched alkanes: isobutane
and isopentane

3.1 Molecular model

We use the NERD (Nath, Escobedo and de Pablo revised)
united-atom force field, introduced by Nath and de Pablo
[8], to determine the phase equilibria of isobutane and
isopentane. In this model, each CH3, CH, and CH group is
modelled by a single interaction site. The NERD potential
consists of two terms, accounting for the intramolecular
and the intermolecular interactions, respectively. First, the
intramolecular part consists in describing the interactions
between each site inside a molecule. It is written as the
sum of a Lennard-Jones potential (between sites that are
separated by more than three bonds):

o= ("] o
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a bond stretching potential,

Ulry) _ K,
k—B]=7(rij _beq)27 (12)

a bond bending potential,

U _Ke , . 0
a2 (0 — 0eq)”, (13)

and a torsional potential,

U(o)

B

=Vo+ Vi(1 +cos )+ Va(l — cos2¢)

+ V3(1 + cos 3¢). (14)

The second part of the potential is the intermolecular
potential describing the interactions between two different
molecules. It is modelled by a Lennard-Jones potential
(see Equation (11)).

The parameters for the two systems studied in this
paper are given in Tables 1-3. For all the simulations,
we use a cut-off radius of 10A. Beyond this cut-off,
we apply the standard long-range corrections [46].
In addition, we use the Lorentz—Berthelot rules [46,47]
to determine the parameters between pairs of unlike
interaction sites:

1
o = E(Uii + ), (15)

ey = (s e/ (16)

3.2 Optimisation of the simulation parameters

We carry out simulations with a system size of 108
molecules for the two branched alkanes studied. As with
the GEMC method, no prior knowledge of the
thermodynamic properties of the system is required. One
only needs to specify reasonable values for the input
temperature, i.e. below the critical temperature, and for the
range of densities, encompassing the vapour and liquid
phases, sampled during the volume changes. The upper
and lower bounds for the volume are chosen to correspond
to densities of 0.006 and 0.6gcm >. The WL-HMC
simulation consists of two types of MC moves, i.e. MD
trajectories, accounting for half of the attempted random

Table 1. Parameters for the Lennard-Jones potential [8].

(& CH; ECH; [ CH, €CH, [ CH €CH
(A) (K) (A) (K) (A) (K)

Isobutane 3.88 78.23 - - 3.85 39.7
Isopentane 3.90 79.5 3.93 458 385 397
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Table 2. Parameters for the bond stretching and bending
potentials [8].

K, beg K, Oeq Oeq )
KA  (A) (Krad™?) ©) (centred at a CH unit)
96,500 1.54 62,500 114.0 109.4

moves, and random volume changes, accounting for the
other half of the attempted random moves. For all systems,
the MD trajectories were integrated from initial velocities
drawn from a Gaussian distribution. As noted above, we
implement the multiple time-step RESPA-NVE algorithm
[43] to integrate the equations of motion since this
algorithm is time-reversible and area-preserving. There is
considerable freedom in choosing the values for the time
steps for the fast (intramolecular) motions and the slow
(intermolecular) motions, as well as in the length of the
MD trajectory. In line with what is usually done in regular
MC simulations [46], we set the three parameters of the
simulations (the two time steps and the length of the MD
trajectory) so that the probability of acceptance for the MD
trajectory is 50%. For this purpose, for each set of
parameters, we run for a single temperature a shortened
version WL-HMC simulation, i.e. a sweep of all densities
for a single value of the convergence factor (we choose
f = e, the initial value of the convergence factor). The set
of parameters we select is the set that gives probabilities of
acceptance of about 50%. This is achieved with, in the case
of isobutane, a MD trajectory of 20 steps with a 19.3fs
time step for the slow modes (the ‘fast’ intramolecular
motions being integrated 800 times over the time step of
19.3fs, i.e. over a time step of 19.3/800 = 0.024125 fs),
and, in the case of isopentane, a MD trajectory of 20 steps
with a 16.9fs time step for the slow modes (the ‘fast’
intramolecular motions being integrated 700 times over
the time step of 16.9fs, i.e. over a time step of
19.3/800 = 0.024143 fs). For both systems, the other
type of random move consists of random volume changes,
with a maximum volume change equal to twice the bin
width of the histogram. We plot, in Figures 1 and 2, the
acceptance probability for both MD trajectories and
volume change moves for isobutane and isopentane,
respectively. We find that the lowest acceptance
probability is obtained for the smallest volume bin. As
shown in Figures 1 and 2, the acceptance probability is
very close to 50% for both the MD moves and volume
change moves, demonstrating that the parameters selected
here allow for efficient WL-HMC simulations.

Table 3. Parameters for the torsional potential [8].

Vo (K) Vi (K) V2 (K) V3 (K)
1416.3 398.3 139.12 —901.2
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Figure 1. Acceptance probability of the two types of HMC
moves for isobutane at 7 = 300 K (solid line, MD moves; dashed
line, volume change moves).

3.3 Criterion for the convergence of the WL-HMC
method

The key point is to obtain an accurate estimate for the
canonical partition function, Q(N, V,T), at the end of the
WL-HMC simulations. We plot in Figure 3, the running
estimate of In(Q(N, V, T)) against the reduced volume V"~
for different values of the convergence factor f for a system
of 108 isobutane molecules at 7 = 350K. As the WL-
HMC simulations advance, the running estimate for

b B ‘ I‘I ‘ i Il
= bbb AN A L At
g 06 ‘ ‘.,‘4’»~/‘~4,.“J"'\:7"ﬁ-* AT Y
= i H L
% "\IJ\'I“ 1' .(\,7‘{ . ':
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g 04 -
3 i
< L _
02 —
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0 50 100 150 200

Histogram bin number

Figure 2. Acceptance probability of the two types of HMC
moves for isopentane at 7 = 350K (solid line, MD moves;
dashed line, volume change moves).

1500

1000

IN(Q(N,V,T))

500

Figure 3. Evolution of the estimate of the canonical partition
function as a function of the reduced volume along a NPT HMC-
WL simulation for isobutane at 7 = 350 K.

In(Q(N, V, T)) becomes smoother and smoother. This can
best be seen by evaluating numerically the derivative of the
running estimate of In(Q(N, V, T)) with respect to V™ (see
Figure 4). Figure 4 shows that, for large values of the
convergence factor f, there is a high level of noise for this
derivative (corresponding to the rough curves for
In(Q(N, V,T)) shown in Figure 3), while, at the end of
the WL-HMC simulation, the derivative is a continuous,
essentially noise-free, function (corresponding to the

1.0 L | T T UL L | T

d(In(Q(N,V,T)))/dv*
o
o

1
1

-10 Ll 1 1 Lol 1
1000 10000

V*

Figure 4. Derivative of the logarithm of the running estimate
for the canonical partition function with respect to volume for
isobutane at T = 350K (solid line, f = ./e; filled circles,

f=e/)
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Figure 5. Relative error in the logarithm of the running estimate
for the canonical partition function for isobutane at 7 = 350K
(AE,, squares; AE, triangles; AE,6, circles).

smooth curve for In(Q(N, V,T)) shown in Figure 3). To
better quantify that the WL-HMC have converged, we
define the following function:

InQy,(N,V,T) —InQy, (N,V,T)

AEn = )
InQy, (N, V,T)

a7

where Qf (N,V,T) is the running estimate for the
canonical partition function for a factor of convergence
f.= e'/*. AE, may be interpreted as the relative error
made for a convergence factor of f, = ¢!/, It is also a
measure of the convergence of the WL-HMC simulations.
Figure 5 shows various values of AE,, collected during the
course of the WL-HMC simulations. Figure 5 establishes
that the WL-HMC simulations converge since the relative
error steadily decreases as the convergence factor
increases. At the end of the WL-HMC simulations (for
AE or, in other words, right before Inf < 1073 in the
simulations), the relative error is less than 104 for all
values of V" and the WL-HMC simulations are deemed to
have converged.

3.4 Results and discussion

We carry out WL-HMC simulations for eight temperatures
ranging from 7= 290 to 360K for isobutane and from
T =340 to 410K for isopentane. Once we have a good
estimate of the partition function for each temperature, we
are able to calculate the densities of the liquid and vapour
phases at coexistence (see Equation (8)). We present, in
Figures 6 and 7, the vapour—liquid equilibria for isobutane
and isopentane, respectively, together with data obtained
from experiments [48] and from previous simulations
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Figure 6. Vapour-liquid equilibria for isobutane obtained from
NPT WL-HMC simulations (open squares), experiments [48]
(filled circles) and Nath and de Pablo [8] simulations (open
triangles). The bold symbols represent the critical point.

using the GEMC method, combined with the configura-
tional bias technique [8]. Figures 6 and 7 show that our
results, obtained with WL-HMC simulations, are in
excellent agreement with the available experimental data
as well as with previous simulation work [8]. We then
calculate the critical density and temperature using
Equations (9) and (10). For isobutane, we obtain a critical
temperature 7. =404 £ 8K and a critical density
pe =236 = 15kg/m>. Experimental data [48] give a

460 |- o®° (Il_l ‘e, —
440_ —
420_— 2 .

%
sl
he
Ld
g
A

400

Temperature (K)

380

360

‘ )
340 |
:

1 I 1 I 1 I 1 I 1 I 1
0.1 0.2 0.3 0.4 0.5

Density (g cm™)

Figure 7. Vapour-liquid equilibria for isopentane obtained
from NPT WL-HMC simulations (open squares), experiments
[48] (filled circles) and Nath and de Pablo [8] simulations (open
triangles). The bold symbols represent the critical point.
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critical temperature 7. = 408.13 K and a critical density
pe = 221 kg/m?>. The estimate for the critical temperature,
extrapolated from the WL-HMC results, is within 1% of
the experimental critical temperature and the estimate
for the critical density is within 7% of the experiment
for isobutane. For isopentane, we find a critical
temperature of 7. = 457 £ 8K and a critical density of
pe =241 = 15kg/m?, respectively. These values have to
be compared with those obtained from experiments for
which 7. =460.95K and p. = 234kg/m3 [48]. Our
estimates for the critical temperature and critical density
differ from the experimental data by only 1 and 3%. The
densities for the two coexisting phases, obtained from the
WL-HMC simulations, as well as the critical points for
isobutane and isopentane, extrapolated from the WL-HMC
simulations, are therefore in excellent agreement with the
experimental data. This excellent agreement demonstrates
the reliability and accuracy of the WL-HMC approach
presented in this paper. We finally add that the advantage
of the WL-HMC simulations in the isothermal—isobaric
ensemble is its generality, i.e. its ability to accurately
predict the phase equilibria of any molecular fluids. This is
unlike other methods, such as the GEMC method or the
grand-canonical transition matrix, requiring the use of
configurational bias moves, which need to be tailored to
the molecular architecture of the studied fluid [23].

4. Conclusion

In this work, we detail how we implement a WL sampling
with multiple time-step HMC simulations in the
isothermal—isobaric ensemble and apply this algorithm
to determine the phase equilibria of branched alkanes. We
show that this method is simple and general since it can be
applied as is to any system as no additional bias moves,
dependent on the molecular architecture, is required. As
with the GEMC method, no prior knowledge of the
thermodynamics of the system (e.g. coexisting pressure or
chemical potential) and only a single simulation at a given
temperature is required to calculate the coexistence
properties of a system. With the example of two branched
alkanes, we discuss how we optimise the simulation
parameters and how we analyse and quantify the
convergence of the WL-HMC simulations. The resulting
coexisting densities, as well as the extrapolated critical
point, we obtain for isobutane and isopentane, are in
excellent agreement with the available experimental data
and previous simulation work using the GEMC method,
thereby establishing the reliability and accuracy of the
method proposed in this paper.
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